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Chen and Hu (1977) presented in nine pages one example of a stochastic 
language which is context-sensitive but not context-free. They wrote that 
"this is believed to be the first known example showing that a finite probabilistic 
automaton has such a property." However, this is not the case, because it was 
found over 10 years ago that even rational stochastic automata can accept 
nonregular languages over one letter (Paz, 1966; Turakainen, 1966), and for more 
general alphabets the examples L 1 and L 2 below have been known for at least 
7 years. It is also known that every recursively enumerable anguage is a homo- 
morphic image of a rational stochastic language (Turakainen, 1976). In this note 
we show how examples of the aforementioned type are easily constructed. 
The following results are well known: 
(1) Languages accepted by (rational) generalized automata of Turakainen 
(1969a) are (rational) stochastic (The term "pseudostoehastie automaton" has 
been used by Turakainen, 1975); 
(2) for any rational pseudostochastic automaton A and for any rational 
number ~7, the language {P ~ X* I fA(P) = ~} is rational stochastic (Turakainen, 
1969b, and (1)); 
(3) the family of rational stochastic languages of the form (2) is a pre-AFL 
closed under union, intersection, and reversal; 
(4) the set of all rational pseudostochastic word-functions f~(equivalently, 
Q-rational formal power series) is closed under sum, difference, Hadamard 
product, and multiplication by rational numbers; 
(5) All rational stochastic languages are context-sensitive (Phan Dinh 
Diau, 1971). 
These facts make it easy to show that the following languages are rational 
stochastic, non-context-free, and context-sensitive: 
L~ = {anbnc ~ ] n >0};  L 2 = {PcP  [ P ~ X*}  ( [X[  > 1, c~X) ;  
L 3 = {a~b~+l l i  >~ 0} (k 0 = 0, k 1 = 1, ki+l = hi + hi-l); 
L 4 ~ {a'bl~c(~-l)~ In > 1, h > 0}. 
L1 is the intersection of a*{b~c ~ [ n > 0} and {a~b ~ I n > 0}c* which are of the 
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form (2). ForL  2 we may use (2)-(4) and the fact that the word-function 7(P)  = .P 
(m-adic expansion), X = {1,..., m --  1}, is generated by a three-state rational 
stochastic automaton. 
By means of (2)-(4) the following two infinite classes of rational stochastic 
languages (including L 4 and L3) are obtained: 
Let pi(n 1 ,..., nk), i = 1,..., r (r > 0, k > 0) be any polynomials with integer 
coefficients. Then the languages 
{a~l ... ak'~kblml ... b~ ~ I mi = pi(nl  .... , n~) >~ 0 for every i} 
and 
{a 1 a 2 a ~ ] p l (n l  , n 2 , . . . ,  n~) = 0}  
are of the form (2), i.e., they are rational stochastic. 
By using the latter language and the results of Matijasevi6 (1970), it can be 
proved that for any alphabet X there exists a rational stochastic language L 1 
over X k3 {a, b} of the form (2) such that every recursively enumerable language 
L over X is of the form L = h(L x n LR) , where L R is regular and h(a) = h(b) = h, 
h(x) = x for every x in X (also see Turakainen, 1976). 
The above examples show that the families of (linear) context-free 
and rational stochastic languages are incomparable, because the language 
((3~ a;~b(a*b) *ak) b{a, b}* is linear~ but is not stochastic (Turakainen, 1971). 
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